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Projected	Hartree–Fock	(PHF)	theory	has	a	long	history	in	quantum	chemistry.	PHF	is	here	understood	as	the	variational	determination	of	an	N-electron	broken	symmetry	Slater	determinant	that	minimizes	the	energy	of	a	projected	state	with	the	correct	quantum	numbers.	The	method	was	actively	pursued	for	several	decades	but	seems	to	have	been
abandoned.	We	here	derive	and	implement	a	“variation	after	projection”	PHF	theory	using	techniques	different	from	those	previously	employed	in	quantum	chemistry.	Our	PHF	methodology	has	modest	mean-field	computational	cost,	yields	relatively	simple	expressions,	can	be	applied	to	both	collinear	and	non-collinear	spin	cases,	and	can	be	used	in
conjunction	with	deliberate	symmetry	breaking	and	restoration	of	other	molecular	symmetries	like	complex	conjugation	and	point	group.	We	present	several	benchmark	applications	to	dissociation	curves	and	singlet-triplet	energy	splittings,	showing	that	the	resulting	PHF	wavefunctions	are	of	high	quality	multireference	character.	We	also	provide
numerical	evidence	that	in	the	thermodynamic	limit,	the	energy	in	PHF	is	not	lower	than	that	of	broken-symmetry	HF,	a	simple	consequence	of	the	lack	of	size	consistency	and	extensivity	of	PHF.This	work	is	supported	by	the	National	Science	Foundation	under	CHE-0807194	and	CHE-1110884,	the	Welch	Foundation	(C-0036),	and	Los	Alamos
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ScholarScitation,	ISI©	2012	American	Institute	of	Physics.false	Please	Note:	The	number	of	views	represents	the	full	text	views	from	December	2016	to	date.	Article	views	prior	to	December	2016	are	not	included.	I	will	assume	you	have	read	the	first	three	chapters	of	“Modern	Quantum	Chemistry”	by	Szabo	and	Ostlund,	or	any	other	similar	book,	or
have	taken	an	introductory	course	into	computational	quantum	chemistry.	I	will	be…	Subsections	Many	of	the	most	im portant	problems	that	you	want	to	solve	in	quantum	mechanics	are	all	about	atoms	and/or	molecules.	These	problems	involve	a	num ber	of	electrons	around	a	num ber	of	atomic	nuclei.	Unfortunately,	a	full	quantum	solution	of	such	a
system	of	any	nontrivial	size	is	very	dif ficult.	However,	approximations	can	be	made,	and	as	section	9.2	explained,	the	real	skill	you	need	to	master	is	solving	the	wave	function	for	the	electrons	given	the	positions	of	the	nuclei.	But	even	given	the	positions	of	the	nuclei,	a	brute-force	solution	for	any	nontrivial	num ber	of	electrons	turns	out	to	be	prohib-
itively	laborious.	The	Hartree-Fock	approximation	is	one	of	the	most	im portant	ways	to	tackle	that	problem,	and	has	been	so	since	the	early	days	of	quantum	mechanics.	This	section	explains	some	of	the	ideas.	9.3.1	Wave	function	approximation	The	key	to	the	basic	Hartree-Fock	method	is	the	assumptions	it	makes	about	the	form	of	the	electron	wave
function.	It	will	be	assumed	that	there	are	a	total	of	electrons	in	orbit	around	a	num ber	of	nuclei.	The	wave	function	describing	the	set	of	electrons	then	has	the	general	form:	where	is	the	position	of	the	electron	num bered	,	and	its	spin	(i.e.	internal	angular	momentum)	in	a	chosen	-direction.	Recall	that	while	the	position	of	an	electron	can	be	any-
where	in	three-dimensional	space,	its	spin	com ponent	can	have	only	two	measurable	values:	or	.	Because	of	the	factor	,	an	electron	is	a	“particle	of	spin	one-half”.	Such	a	particle	is	also	called	a	“spin	doublet”	because	of	the	two	possible	spin	values.	The	square	magnitude	of	the	wave	function	above	gives	the	probability	for	the	electrons	to	be	near	the
position	,	per	unit	volume,	with	spin	com ponent	.	Of	course,	what	the	wave	function	is	will	also	depend	on	where	the	nuclei	are.	However,	in	this	section,	the	nuclei	are	supposed	to	be	at	given	positions.	Therefore	to	reduce	the	clutter,	the	dependence	of	the	electron	wave	function	on	the	nuclear	positions	will	not	be	shown	explicitly.	Hartree-Fock	ap-
proximates	the	wave	function	above	in	terms	of	single-electron	wave	functions.	Each	single-electron	wave	function	takes	the	form	of	a	product	of	a	spatial	function	of	the	electron	position	,	times	a	function	of	the	electron	spin	com ponent	.	The	spin	function	is	either	taken	to	be	or	;	by	def inition,	function	equals	1	if	the	spin	is	,	and	0	if	it	is	.	Conversely,
function	equals	0	if	is	and	1	if	it	is	.	Function	is	called	spin-up	and	spin-down.	A	com plete	single-electron	wave	function	is	then	of	the	form	where	is	either	or	.	Such	a	single-electron	wave	function	is	called	an	“orbital”	or	more	accurately	a	“spin	orbital.”	The	reason	is	that	people	tend	to	think	of	the	single-electron	wave	function	as	describing	a	single
electron	being	in	a	particular	orbit	around	the	nuclei	with	a	particular	spin.	Wrong,	of	course:	the	electrons	do	not	have	well-defined	positions	on	these	scales,	so	you	cannot	talk	about	orbits	But	people	do	tend	to	think	of	the	spatial	orbitals	that	way	anyway.	For	sim plicity,	it	will	be	assumed	that	the	spin	orbitals	are	taken	to	be	normalized;	if	you	inte-
grate	the	square	magnitude	of	over	all	possible	positions	of	the	electron	and	sum	over	the	two	possible	values	of	its	spin	,	you	get	1.	Physically	that	merely	expresses	that	the	electron	must	be	at	some	position	and	have	some	spin	for	certain	(probability	1).	The	integral	plus	sum	com bination	can	be	expressed	using	the	concise	bra[c]ket	notation	from
chapter	2;	Such	a	bracket,	or	inner	product,	is	equivalent	to	a	dot	product	for	functions.	If	there	is	more	than	one	electron,	as	will	be	assumed	in	this	section,	a	single	spin	orbital	is	not	enough	to	create	a	valid	wave	function	for	the	com plete	system.	In	fact,	the	“Pauli	exclusion	principle”	says	that	each	of	the	electrons	must	go	into	a	dif ferent	spin	or-
bital,	chapter	5.7.	So	a	series	of	orbitals	is	needed,	where	the	num ber	of	orbitals	must	be	at	least	as	big	as	the	num ber	of	electrons	.	It	will	be	assumed	that	any	two	dif ferent	spin	orbitals	and	are	taken	to	be	orthogonal;	by	def inition	this	means	that	their	bracket	is	zero:	In	short,	it	is	assumed	that	the	set	of	spin	orbitals	is	orthonormal;	mutually	or-
thogonal	and	normalized.	Note	that	the	bracket	above	can	be	written	as	a	product	of	a	spatial	bracket	and	a	spin	one:	So	for	dif ferent	spin	orbitals	to	be	orthogonal,	either	the	spatial	states	or	the	spin	states	must	orthogonal;	they	do	not	both	need	to	be	orthogonal.	(To	verify	the	expression	above,	just	write	the	first	bracket	out	in	terms	of	a	spatial	in-
tegral	over	and	a	sum	over	the	two	values	of	and	reorder	terms.)	Note	also	that	the	spin	states	and	are	an	orthonormal	set:	So	if	the	spin	states	are	opposite,	the	spatial	states	do	not	need	to	be	orthogonal.	In	fact,	the	spatial	states	can	then	be	the	same.	The	base	Hartree-Fock	method	uses	the	absolute	minimum	num ber	of	orbitals	.	In	that	case,	the
sim plest	you	could	do	to	create	a	system	wave	function	is	to	put	electron	1	in	orbital	1,	electron	2	in	orbital	2,	etcetera.	That	would	give	the	system	wave	function	A	product	of	single-electron	wave	functions	like	this	is	called	a	“Hartree	product.”	But	a	single	Hartree	product	like	the	one	above	is	physically	not	acceptable	as	a	wave	function.	The	Pauli
exclusion	principle	is	only	part	of	what	is	needed,	chapter	5.7.	The	full	requirement	is	that	a	system	wave	function	must	be	antisym metric	under	electron	exchange:	the	wave	function	must	sim ply	change	sign	when	any	two	electrons	are	swapped.	But	if,	say,	electrons	1	and	2	are	swapped	in	the	Hartree	product	above,	it	produces	the	new	Hartree
product	That	is	a	fundamentally	dif ferent	wave	function,	not	just	minus	the	first	Hartree	product;	orbitals	and	are	not	allowed	to	be	equivalent.	To	get	a	wave	function	that	does	sim ply	change	sign	when	electrons	1	and	2	are	swapped,	you	can	take	the	first	Hartree	product	minus	the	second	one.	That	solves	that	problem.	But	it	is	not	enough:	the	wave
function	must	also	sim ply	change	sign	if	electrons	1	and	3	are	swapped.	Or	if	2	and	3	are	swapped,	etcetera.	So	you	must	add	more	Hartree	products	with	swapped	electrons	to	the	mix.	A	lot	more	in	fact.	There	are	ways	to	order	electrons,	and	each	ordering	adds	one	Hartree	product	to	the	mix.	(The	Hartree	product	gets	a	plus	sign	or	a	minus	sign	in
the	mix	depending	on	whether	the	num ber	of	swaps	to	get	there	from	the	first	one	is	even	or	odd).	So	for,	say,	a	single	carbon	atom	with	6	electrons,	writing	down	the	full	Hartree-Fock	wave	function	would	mean	writing	down	720	Hartree	products.	Roughly	a	thousand	of	them,	in	short.	Of	course,	writing	all	that	out	would	be	insane.	Fortunately,
there	is	a	more	concise	way	to	write	the	com plete	wave	function;	it	uses	a	so-called	Slater	determinant,	(9.15)	The	determinant	multiplies	out	to	the	individual	Hartree	products.	(See	chapter	5.7	and	the	notations	section	for	more	on	determinants.)	The	factor	1	is	there	to	ensure	that	the	wave	function	remains	normalized	af ter	sum ming	the	Hartree
products	together.	The	most	general	system	wave	function	using	only	orbitals	is	any	coef ficient	of	magnitude	1	times	the	above	Slater	determinant.	However,	displaying	the	Slater	determinant	fully	as	above	is	still	a	lot	to	write	and	read.	Therefore,	from	now	on	the	Slater	determinant	will	be	abbreviated	as	in	(9.16)	where	is	the	Slater	determinant.	It
is	im portant	to	realize	that	using	the	minimum	num ber	of	single-electron	functions	will	unavoidably	produce	an	error	that	is	mathematically	speaking	not	small	{N.16}.	To	get	a	vanishingly	small	error,	you	would	need	a	large	num ber	of	dif ferent	Slater	determinants,	not	just	one.	Still,	the	results	you	get	with	the	basic	Hartree-Fock	approach	may	be
good	enough	to	satisfy	your	needs.	Or	you	may	be	able	to	im prove	upon	them	enough	with	post-Hartree-Fock	methods.	But	none	of	that	would	be	likely	if	you	just	selected	the	single-electron	functions	,	,	...at	random.	The	cleverness	in	the	Hartree-Fock	approach	will	be	in	writing	down	equations	for	these	single-electron	wave	functions	that	produce
the	best	approximation	possible	with	a	single	Slater	determinant.	Recall	the	approximate	solutions	that	were	written	down	for	the	electrons	in	atoms	in	chapter	5.9.	These	solutions	were	really	single	Slater	determinants.	To	im prove	on	these	results,	you	might	think	of	trying	to	find	more	accurate	ways	to	average	out	the	ef fects	of	the	neighboring
electrons	than	just	putting	them	in	the	nucleus	as	that	chapter	essentially	did.	You	could	smear	them	out	over	some	optimal	area,	say.	But	even	if	you	did	that,	the	Hartree-Fock	solution	will	still	be	better,	because	it	gives	the	best	possible	approximation	obtainable	with	any	single	determinant.	That	assumes	of	course	that	the	spins	are	taken	the	same
way.	Consider	that	problem	for	a	second.	Typically,	a	nonrelativistic	approach	is	used,	in	which	spin	ef fects	on	the	energy	are	ignored.	Then	spin	only	af fects	the	antisym metrization	requirements.	Things	are	straightforward	if	you	try	to	solve,	say,	a	helium	atom.	The	correct	ground	state	takes	the	form	The	factor	is	the	spatial	wave	function	that	has
the	absolutely	lowest	energy,	regardless	of	any	antisym metrization	concerns.	This	wave	function	must	be	sym metric	(unchanged)	under	electron	exchange	since	the	two	electrons	are	identical	and	the	ground	state	is	unique.	The	antisym metrization	requirement	is	met	because	the	spins	com bine	together	as	shown	in	the	second	factor	above;	this	factor
changes	sign	when	the	electrons	are	exchanged.	So	the	spatial	state	does	not	have	to	change	sign.	The	com bined	spin	state	shown	in	the	second	factor	above	is	called	the	singlet	state,	chapter	5.5.6.	In	the	singlet	state	the	two	spins	cancel	each	other	com pletely:	the	net	electron	spin	is	zero.	If	you	measure	the	net	spin	com ponent	in	any	direction,	not
just	the	chosen	-direction,	you	get	zero.	Based	on	the	exact	helium	ground	state	wave	function	above,	you	would	take	the	Hartree-Fock	approximation	to	be	of	the	form	and	then	you	would	make	things	easier	for	yourself	by	postulating	a	priori	that	the	spatial	orbitals	are	the	same,	.	Lo	and	behold,	when	you	multiply	out	the	Slater	determinant,	you	get
This	automagically	reproduces	the	correct	singlet	spin	state!	(The	approximation	comes	in	because	the	exact	spatial	ground	state,	is	not	just	the	product	of	two	single-electron	functions	as	in	Hartree-Fock.)	And	you	only	need	to	find	one	spatial	orbital	instead	of	two.	As	discussed	in	chapter	5.9,	a	beryllium	atom	has	two	electrons	with	opposite	spins	in
the	1s	shell	like	helium,	and	two	more	in	the	2s	shell.	An	appropriate	Hartree-Fock	wave	function	would	be	in	other	words,	two	pairs	of	orbitals	with	the	same	spatial	states	and	opposite	spins.	Sim ilarly,	Neon	has	an	additional	6	paired	electrons	in	a	closed	2p	shell,	and	you	could	use	3	more	pairs	of	orbitals	with	the	same	spatial	states	and	opposite
spins.	The	num ber	of	spatial	orbitals	that	must	be	found	in	such	solutions	is	only	half	the	num ber	of	electrons.	This	procedure	is	called	the	“closed	shell	Restricted	Hartree-Fock	(RHF)”	method.	It	restricts	the	form	of	the	spatial	states	to	be	pair-wise	equal.	But	now	look	at	lithium.	Lithium	has	two	paired	1s	electrons	like	helium,	and	an	unpaired	2s
electron.	For	the	third	orbital	in	the	Hartree-Fock	determinant,	you	will	now	have	to	make	a	choice:	whether	to	take	it	of	the	form	or	.	Lets	assume	you	take	,	so	the	wave	function	is	You	have	introduced	a	bias	in	the	determinant:	there	is	now	a	real	dif ference	between	the	spatial	orbitals	and	:	has	the	same	spin	as	the	third	spin	orbital,	but	the	oppo-
site.	If	you	find	the	best	approximation	to	the	energy	among	all	possible	spatial	orbitals	,	,	and	,	you	will	end	up	with	orbitals	and	that	are	not	the	same.	Allowing	for	them	to	be	dif ferent	is	called	the	“Unrestricted	Hartree-Fock	(UHF)”	method.	In	general,	you	no	longer	require	that	equivalent	spatial	orbitals	are	the	same	in	their	spin-up	and	spin	down
versions.	For	a	bigger	system,	you	will	end	up	with	one	set	of	orthonormal	spatial	orbitals	for	the	spin-up	orbitals	and	a	dif ferent	set	of	orthonormal	spatial	orbitals	for	the	spin-down	ones.	These	two	sets	of	orthonormal	spatial	orbitals	are	not	mutually	orthogonal;	the	only	reason	the	com plete	spin	orbitals	are	still	orthonormal	is	because	the	two	spins
are	orthogonal,	0.	If	instead	of	using	unrestricted	Hartree-Fock,	you	insist	on	demanding	that	the	spatial	orbitals	for	spin	up	and	down	do	form	a	single	set	of	orthonormal	functions,	it	is	called	“open	shell	Restricted	Hartree-Fock	(RHF).”	In	the	case	of	lithium,	you	would	then	demand	that	equals	.	Since	the	best	(in	terms	of	energy)	solution	has	them
dif ferent,	your	solution	is	then	no	longer	the	best	possible.	You	pay	a	price,	but	you	now	only	need	to	find	two	spatial	orbitals	rather	than	three.	The	spin	orbital	without	a	matching	opposite-spin	orbital	counts	as	an	open	shell.	For	nitrogen,	you	might	want	to	use	three	open	shells	to	represent	the	three	dif ferent	spatial	states	2p,	2p,	and	2p	with	an	un-
paired	electron	in	it.	If	you	use	unrestricted	Hartree-Fock	instead,	you	will	need	to	com pute	more	spatial	functions,	and	you	pay	another	price,	spin.	Since	all	spin	ef fects	in	the	Hamiltonian	are	ignored,	it	com mutes	with	the	spin	operators.	So,	the	exact	energy	eigenfunctions	are	also,	or	can	be	taken	to	be	also,	spin	eigenfunctions.	Restricted	Hartree-
Fock	has	the	capability	of	producing	approximate	energy	eigenstates	with	well	defined	spin.	Indeed,	as	you	saw	for	helium,	in	restricted	Hartree-Fock	all	the	paired	spin-up	and	spin-down	states	com bine	into	zero-spin	singlet	states.	If	any	additional	unpaired	states	are	all	spin	up,	say,	you	get	an	energy	eigenstate	with	a	net	spin	equal	to	the	sum	of
the	spins	of	the	unpaired	states.	This	allows	you	to	deal	with	typical	atoms,	including	lithium	and	nitrogen,	very	nicely.	But	a	true	unrestricted	Hartree-Fock	solution	does	not	have	correct,	def inite,	spin.	For	two	electrons	to	produce	states	of	def inite	com bined	spin,	the	coef ficients	of	spin-up	and	spin-down	must	come	in	specific	ratios.	As	a	sim ple	ex-
am ple,	an	unrestricted	Slater	determinant	of	and	with	unequal	spatial	orbitals	multiplies	out	to	or,	writing	the	spin	com binations	in	terms	of	singlets	(which	change	sign	under	electron	exchange)	and	triplets	(which	do	not),	So	the	spin	will	be	some	com bination	of	the	singlet	state,	the	first	term,	and	a	triplet	state,	the	second.	And	the	precise	com bina-
tion	will	depend	on	the	spatial	locations	of	the	electrons	to	boot.	Now	while	the	singlet	state	has	net	spin	0,	triplet	states	have	net	spin	1.	So	the	net	spin	is	uncertain,	either	0	or	1,	even	though	it	should	not	be.	(Spin	1	im plies	that	the	measured	com ponent	of	the	spin	in	any	direction	must	be	one	of	the	triplet	of	values	,	0,	or	.	For	the	particular	triplet
state	shown	above,	the	com ponent	of	spin	in	the	-direction	happens	to	be	zero.	But	the	net	spin	is	not;	in	a	direction	normal	to	the	-direction,	the	spin	will	be	measured	to	be	either	or	.)	However,	despite	the	spin	problem,	it	may	be	noted	that	unrestricted	wave	functions	are	com monly	used	as	first	approximations	of	doublet	(spin	)	and	triplet	(spin	1)
states	anyway	[46,	p.	105].	To	show	that	all	this	can	make	a	real	dif ference,	take	the	exam ple	of	the	hydrogen	molecule,	chapter	5.2,	when	the	two	nuclei	are	far	apart.	The	correct	electronic	ground	state	is	where	is	the	state	in	which	electron	1	is	around	the	left	proton	and	electron	2	around	the	right	one,	and	is	the	same	state	but	with	the	electrons
reversed.	Note	that,	like	for	the	helium	atom,	the	spatial	state	is	sym metric	under	electron	exchange.	However,	it	is	not	just	a	product	of	two	single-electron	functions	but	a	sum	of	two	of	such	products.	Note	also	that	the	correct	spin	state	is	the	singlet	one	with	zero	net	spin,	just	like	for	the	helium	atom.	It	takes	care	of	the	antisym metrization	require-
ment.	Now	try	to	approximate	this	solution	with	a	restricted	closed	shell	Hartree-Fock	wave	function	of	the	form	Multiplying	out	the	determinant	gives	Note	that	you	do	get	the	correct	singlet	spin	state.	But	will	be	something	like	;	the	energy	of	either	electron	is	lowest	when	it	is	near	one	of	the	nuclei.	If	you	multiply	out	the	resulting	spatial	wave
function,	the	terms	include	and	,	in	addition	to	the	correct	and	.	That	produces	a	50/50	chance	that	the	two	electrons	are	found	around	the	same	nucleus.	That	is	all	wrong,	since	the	electrons	repel	each	other:	if	one	electron	is	around	the	left	nucleus,	the	other	electron	should	be	around	the	right	nucleus.	The	com puted	energy,	which	should	be	that	of
two	neutral	hydrogen	atoms	far	apart,	will	be	much	too	high	due	to	electron-electron	repulsion.	(Fortunately,	at	the	nuclear	separation	distance	corresponding	to	the	ground	state	of	the	com plete	molecule,	the	errors	are	much	less,	[46,	p.	166].	Note	that	if	you	put	the	two	nuclei	com pletely	on	top	of	each	other,	you	get	a	helium	atom,	for	which
Hartree-Fock	gives	a	much	more	reasonable	electron	energy.	Only	when	you	are	breaking	the	bond,	dissociating	the	molecule,	i.e.	taking	the	nuclei	far	apart,	do	you	get	into	major	trouble.)	If	instead	you	would	use	unrestricted	Hartree-Fock,	say	you	should	find	and	(or	vice	versa),	which	would	produce	a	wave	function	In	both	terms,	if	the	first	elec-
tron	is	around	the	one	nucleus,	the	second	electron	is	around	the	other.	So	this	produces	the	correct	energy,	that	of	two	neutral	hydrogen	atoms.	But	the	spin	is	now	all	wrong.	It	is	not	a	singlet	state,	but	the	com bination	of	a	singlet	and	a	triplet	state	already	written	down	earlier.	Little	in	life	is	ideal,	is	it?	(Actually	there	is	a	dirty	trick	to	fix	this.	Note
that	which	of	the	two	orbitals	you	give	spin-up	and	which	spin-down	is	physically	im material.	So	there	is	a	trivially	dif ferent	solution	If	you	take	a	50/50	com bination	of	the	original	Slater	determinant	and	minus	the	one	above,	you	get	the	correct	singlet	spin	state.	And	the	spatial	state	will	now	be	the	correct	average	of	and	to	boot.	This	spatial	state	is
more	accurate	than	just	two	neutral	atoms	if	the	distance	between	the	nuclei	decreases,	chapter	5.2.	All	this	for	free!	This	sort	of	dirty	trick	in	Hartree-Fock	is	called	a	“spin	adapted	configuration.”	It	is	usually	used	to	deal	with	a	few	open	shells	in	an	otherwise	closed-shell	restricted	Hartree-Fock	configuration.)	All	of	the	above	may	be	much	more
than	you	ever	wanted	to	hear	about	the	wave	function.	The	purpose	was	mainly	to	indicate	that	things	are	not	as	sim ple	as	you	might	initially	suppose.	As	the	exam ples	showed,	some	understanding	of	the	system	that	you	are	trying	to	model	def initely	helps.	Or	experiment	with	dif ferent	approaches.	Let’s	go	on	to	the	next	step:	how	to	get	the	equations
for	the	spatial	orbitals	that	give	the	most	accurate	approximation	of	a	multi-electron	problem.	The	expectation	value	of	energy	will	be	needed	for	that,	and	to	get	that,	first	the	Hamiltonian	is	needed.	That	will	be	the	subject	of	the	next	subsection.	9.3.2	The	Hamiltonian	The	nonrelativistic	Hamiltonian	of	the	system	of	electrons	consists	of	a	num ber	of
contributions.	First	there	is	the	kinetic	energy	of	the	electrons;	the	sum	of	the	kinetic	energy	operators	of	the	individual	electrons:	(9.17)	Next	there	is	the	potential	energy	due	to	the	am bient	electric	field	that	the	electrons	move	in.	It	will	be	assumed	that	this	field	is	caused	by	nuclei,	num bered	using	an	index	,	and	having	charge	(i.e.	there	are	pro-
tons	in	nucleus	num ber	).	In	that	case,	the	total	potential	energy	due	to	nucleus-electron	attractions	is,	sum ming	over	all	electrons	and	over	all	nuclei:	(9.18)	where	is	the	distance	between	electron	num ber	and	nucleus	num ber	,	and	8.85	10	C/J	m	is	the	permittivity	of	space.	And	now	for	the	black	plague	of	quantum	mechanics,	the	electron	to	electron
repulsions.	The	potential	energy	for	those	repulsions	is	(9.19)	where	is	the	distance	between	electron	num ber	and	electron	num ber	.	To	avoid	counting	each	repulsion	energy	twice,	(the	second	time	with	reversed	electron	order),	the	second	electron	num ber	is	required	to	be	larger	than	the	first.	Without	this	repulsion	between	dif ferent	electrons,	you
could	solve	for	each	electron	separately,	and	all	would	be	nice.	But	you	do	have	it,	and	so	you	really	need	to	solve	for	all	electrons	at	once,	usually	an	im possible	task.	You	may	recall	that	when	chapter	5.9	exam ined	the	atoms	heavier	than	hydrogen,	those	with	more	than	one	electron,	the	discussion	cleverly	threw	out	the	electron	to	electron	repulsion
terms,	by	assum ing	that	the	ef fect	of	each	neighboring	electron	is	approximately	like	canceling	out	one	proton	in	the	nucleus.	And	you	may	also	remem ber	how	this	outrageous	assumption	led	to	all	those	wrong	predictions	that	had	to	be	corrected	by	various	excuses.	The	Hartree-Fock	approximation	tries	to	do	better	than	that.	It	is	helpful	to	split	the
Hamiltonian	into	the	single	electron	terms	and	the	troublesome	interactions,	as	follows,	(9.20)	where	is	the	single-electron	Hamiltonian	of	electron	,	(9.21)	and	is	the	electron	to	electron	repulsion	potential	energy,	(9.22)	Note	that	,	,	...,	all	take	the	same	general	form;	the	dif ference	is	just	in	which	electron	you	are	talking	about.	That	is	not	surprising
because	the	electrons	all	have	the	same	properties.	Sim ilarly,	the	dif ference	between	,	,	...,	is	just	in	which	pair	of	electrons	you	talk	about.	9.3.3	The	expectation	value	of	energy	As	was	discussed	in	more	detail	in	section	9.1,	to	find	the	best	possible	Hartree-Fock	approximation,	the	expectation	value	of	energy	will	be	needed.	For	exam ple,	the	best	ap-
proximation	to	the	ground	state	is	the	one	that	has	the	smallest	expectation	value	of	energy.	The	expectation	value	of	energy	is	defined	as	the	inner	product	where	is	the	Hamiltonian	as	given	in	the	previous	subsection.	There	is	a	problem	with	using	this	expression	mindlessly,	though.	Take	once	again	the	exam ple	of	the	arsenic	atom.	There	are	33
electrons	in	this	atom,	so	you	could	try	to	choose	33	promising	single-electron	wave	functions	to	describe	it.	You	could	then	try	to	multiply	out	the	Slater	determinant	for	,	but	that	produces	33!,	or	about	4	10,	Hartree	products.	If	you	put	these	33!	terms	in	both	sides	of	the	inner	product,	you	get	(33!)	or	7.5	10	pairs	of	terms,	each	producing	one	inner
product	that	must	be	integrated.	Now	since	there	are	3	coordinates	for	each	of	the	positions	of	the	33	electrons,	this	means	that	each	term	requires	integration	over	99	scalar	coordinates.	Even	using	only	10	points	in	each	direction,	that	would	mean	evaluating	10	integration	points	for	each	of	the	7.5	10	pairs	of	terms.	A	com puter	that	could	do	that	is
unimaginable.	As	of	2014,	the	fastest	com puter	in	the	world	can	do	no	more	than	10	floating	point	com putations	if	it	stays	at	it	for	10	years.	Fortunately,	it	turns	out,	{D.52},	that	almost	all	of	those	integrations	are	trivial	since	the	single-electron	functions	are	orthonormal.	If	you	sit	down	and	identify	what	is	really	left,	you	find	that	only	a	few	three-di-
mensional	and	six-dimensional	inner	products	survive	the	weeding-out	process.	In	particular,	the	single-electron	Hamiltonians	from	the	previous	subsection	produce	only	single-electron	energy	expectation	values	of	the	general	form	(9.23)	If	you	had	only	one	single	electron,	and	it	was	in	the	spatial	single-particle	state	,	the	above	inner	product	would
be	its	energy.	The	com bined	single-electron	energy	for	all	electrons	is	then	It	is	just	as	if	you	had	electron	1	in	state	,	electron	2	in	state	,	etcetera.	Of	course,	that	is	not	really	true.	Antisym metrization	requires	that	all	electrons	are	partly	in	all	states.	Indeed,	if	you	look	a	bit	closer	at	the	math,	you	see	that	each	of	the	electrons	contributes	an	equal
fraction	1	to	each	of	the	terms	above.	But	it	does	not	make	a	real	dif ference.	Without	electron-electron	interactions,	quantum	mechanics	would	be	so	much	easier!	But	the	repulsions	are	there.	The	Hamiltonians	of	the	repulsions	turn	out	to	produce	six-dimensional	spatial	inner	products	of	two	types.	The	inner	products	of	the	first	type	are	called
“Coulomb	integrals:”	(9.24)	To	understand	the	Coulomb	integrals	better,	the	inner	product	above	can	be	written	out	explicitly	as	an	integral,	while	also	expanding	:	The	integrand	equals	the	probability	of	an	electron	in	state	to	be	found	near	a	position	,	times	the	probability	of	an	electron	in	state	to	be	found	near	a	position	,	times	the	Coulomb	repul-
sion	energy	if	the	two	electrons	are	at	those	positions.	In	short,	is	the	expectation	value	of	the	Coulomb	repulsion	potential	between	an	electron	in	state	and	one	in	state	.	Thinking	again	of	electron	1	in	state	,	electron	2	in	state	,	etcetera,	the	total	Coulomb	repulsion	energy	would	be	which	is	indeed	the	correct	com bined	sum	of	the	Coulomb	integrals.
Unfortunately,	that	is	not	the	com plete	story	for	the	repulsion	energy.	Recall	that	there	are	dif ferent	ways	in	which	you	can	distribute	the	electrons	over	the	single	particle	states.	And	the	antisym metrization	requirement	requires	that	the	system	wave	function	is	an	equal	com bination	of	all	these	dif ferent	possibilities.	In	terms	of	classical	physics,	it
might	still	seem	that	this	should	make	no	dif ference:	if	any	one	of	these	possibilities	is	true,	then	the	others	must	be	untrue.	But	quantum	mechanics	allows	states	in	which	the	electrons	are	distributed	in	one	way	to	interact	with	states	in	which	they	are	distributed	in	another	way.	That	produces	the	so-called	“exchange	integrals:”	(9.25)	Written	out
explicitly,	that	equals	It	is	an	interaction	of	the	possibility	that	the	first	electron	is	in	state	and	the	second	in	state	with	the	possibility	that	the	second	electron	is	in	state	and	the	first	in	state	.	This	book	likes	to	call	terms	like	this	twilight	terms,	since	in	terms	of	classical	physics	they	do	not	make	sense.	It	may	be	noted	that	a	single	Hartree	product	sat-
isfying	the	Pauli	exclusion	principle	would	not	produce	exchange	integrals;	in	such	a	wave	function,	there	is	no	possibility	for	an	electron	to	be	in	another	state.	But	don't	start	thinking	that	the	exchange	integrals	are	there	just	because	the	wave	function	must	be	antisym metric	under	electron	exchange.	They,	and	others,	would	show	up	in	any	reason-
ably	general	wave	function.	You	can	think	of	the	exchange	integrals	instead	as	Coulomb	integrals	with	the	electrons	in	the	right	hand	side	of	the	inner	product	exchanged.	Adding	it	all	up,	the	expectation	energy	of	the	com plete	system	of	electrons	can	be	written	as	(9.26)	Note	that	the	above	expression	sums	over	all	values	of	,	not	just	.	That	counts
each	pair	of	single-electron	wave	functions	twice,	so	factors	one-half	have	been	added	to	com pensate.	It	also	adds	terms	in	which	,	both	electrons	in	the	same	state,	which	is	not	allowed	by	the	Pauli	principle.	But	since	,	these	additional	terms	cancel	each	other.	Note	also	the	spin	inner	products	multiplying	the	exchange	terms.	These	are	zero	if	the
two	states	have	opposite	spin,	so	there	are	no	exchange	contributions	between	electrons	in	spin	orbitals	of	opposite	spins.	And	if	the	spin	orbitals	have	the	same	spin,	the	spin	inner	product	is	1,	so	the	square	is	somewhat	superfluous.	There	are	also	some	a	priori	things	you	can	say	about	the	Coulomb	and	exchange	integrals,	{D.53};	they	are	real,	and
additionally	(9.27)	Note	in	particular	that	since	the	terms	are	positive,	they	lower	the	net	expectation	energy	of	the	system.	So	a	wave	function	consisting	of	a	single	Hartree	product,	which	produces	no	exchange	terms,	cannot	be	the	state	of	lowest	energy.	Even	without	the	antisym metrization	requirement,	you	would	need	Hartree	products	with	the
electrons	exchanged,	sim ply	to	lower	the	energy.	It	is	actually	somewhat	tricky	to	prove	that	the	terms	are	positive	and	so	lower	the	energy,	{D.53}.	But	there	is	a	sim ple	physical	reason	why	you	might	guess	that	an	antisym metric	wave	function	would	lower	the	electron-electron	repulsion	energy	com pared	to	the	individual	Hartree	products	from
which	it	is	made	up.	In	particular,	the	Coulomb	repulsion	between	electrons	becomes	very	large	when	they	get	close	together.	But	for	an	anti-sym metric	wave	function,	unlike	for	a	single	Hartree	product,	the	relative	probability	of	electrons	of	the	same	spin	getting	close	together	is	vanishingly	small.	That	prevents	any	strong	Coulomb	repulsion	be-
tween	electrons	of	the	same	spin.	(Recall	that	the	relative	probability	for	electrons	to	be	at	given	positions	and	spins	is	given	by	the	square	magnitude	of	the	wave	function	at	those	positions	and	spins.	Now	an	antisym metric	wave	function	must	be	zero	wherever	any	two	electrons	are	at	the	same	position	with	the	same	spin,	making	this	im possible.	Af -
ter	all,	if	you	swap	the	two	electrons,	the	antisym metric	wave	function	must	change	sign.	But	since	neither	electron	changes	position	nor	spin,	the	wave	function	cannot	change	either.	Something	can	only	change	sign	and	stay	the	same	if	it	is	zero.	See	also	{A.34}.)	The	analysis	given	in	this	subsection	can	easily	be	extended	to	generalized	orbitals
that	take	the	form	However,	the	normal	unrestricted	spin-up	or	spin-down	orbitals,	in	which	either	or	is	zero,	already	satisfy	the	variational	requirement	0	even	if	generalized	variations	in	the	orbitals	are	allowed,	{N.17}.	In	any	case,	the	expectation	value	of	energy	has	been	found.	9.3.4	The	canonical	Hartree-Fock	equations	The	previous	subsection
found	the	expectation	value	of	energy	for	any	electron	wave	function	described	by	a	single	Slater	determinant.	The	final	step	is	to	find	the	orbitals	that	produce	the	best	approximation	of	the	true	wave	function	using	such	a	single	determinant.	For	the	ground	state,	the	best	single	determinant	would	be	the	one	with	the	lowest	expectation	value	of	en-
ergy.	But	surely	you	would	not	want	to	guess	spatial	orbitals	at	random	until	you	find	some	with	really,	really,	low	energy.	What	you	would	like	to	have	is	specific	equations	for	the	best	spatial	orbitals	that	you	can	then	solve	in	a	methodical	way.	And	you	can	have	them	using	the	methods	of	section	9.1,	{D.54}.	In	unrestricted	Hartree-Fock,	for	every
spatial	orbital	there	is	an	equation	of	the	form:	(9.28)	These	are	called	the	canonical	Hartree-Fock	equations.	For	equations	valid	for	the	restricted	closed-shell	and	single-determinant	open-shell	approximations,	see	the	derivation	in	{D.54}.	Recall	that	is	the	single-electron	Hamiltonian	consisting	of	the	electron's	kinetic	energy	and	potential	energy
due	to	nuclear	attractions,	and	that	is	the	potential	energy	of	repulsion	between	the	electron	and	another	at	a	position	:	So,	if	there	were	no	electron-electron	repulsions,	i.e.		0,	the	canonical	equations	above	would	be	single-electron	Hamiltonian	eigenvalue	problems	of	the	form	where	would	be	the	energy	of	the	single-electron	orbital.	This	is	really
what	happened	in	the	approximate	analysis	of	atoms	in	chapter	5.9:	the	electron	to	electron	repulsions	were	ignored	there	in	favor	of	nuclear	strength	reductions,	and	the	result	was	single-electron	hydrogen-atom	orbitals.	In	the	presence	of	electron	to	electron	repulsions,	the	equations	for	the	orbitals	can	still	sym bolically	be	written	as	if	they	were
single-electron	eigenvalue	problems,	where	is	called	the	“Fock	operator,”	and	is	written	out	further	as:	The	first	term	in	the	Fock	operator	is	the	single-electron	Hamiltonian.	The	mischief	is	in	the	innocuous-looking	second	term	.	Supposedly,	this	is	the	potential	energy	related	to	the	repulsion	by	the	other	electrons.	What	is	it?	Well,	it	will	have	to	be
the	terms	in	the	canonical	equations	(9.28)	not	described	by	the	single-electron	Hamiltonian	:	The	def inition	of	the	Fock	operator	is	unavoidably	in	terms	of	spin	rather	than	just	spatial	orbitals:	the	spin	of	the	state	on	which	it	operates	must	be	known	to	evaluate	the	final	term.	Note	that	the	above	expression	did	not	give	an	expression	for	by	itself,	but
only	for	applied	to	an	arbitrary	single-electron	function	.	The	reason	is	that	is	not	a	normal	potential	at	all:	the	second	term,	the	one	due	to	the	exchange	integrals,	does	not	multiply	by	a	potential	function,	it	shoves	it	into	an	inner	product!	The	Hartree-Fock	potential	is	an	operator,	not	a	normal	potential	energy.	Given	a	single-electron	function	includ-
ing	spin,	it	produces	another	single-electron	function	including	spin.	Actually,	even	that	is	not	quite	true.	The	Hartree-Fock	potential	is	only	an	operator	af ter	you	have	found	the	orbitals	,	,	...,	,	...,	appearing	in	it.	While	you	are	still	trying	to	find	them,	the	Fock	operator	is	not	even	an	operator,	it	is	just	a	thing.	However,	given	the	orbitals,	at	least	the
Fock	operator	is	a	Hermitian	one,	one	that	can	be	taken	to	the	other	side	if	it	appears	in	an	inner	product,	and	that	has	real	eigenvalues	and	a	com plete	set	of	eigenfunctions,	{D.55}.	So	how	do	you	solve	the	canonical	Hartree-Fock	equations	for	the	orbitals	?	If	the	Hartree-Fock	potential	was	a	known	operator,	you	would	have	only	linear,	single-elec-
tron	eigenvalue	problems	to	solve.	That	would	be	relatively	easy,	as	far	as	those	things	come.	But	since	the	operator	contains	the	unknown	orbitals,	you	do	not	have	a	linear	problem	at	all;	it	is	a	system	of	coupled	cubic	equations	in	infinitely	many	unknowns.	The	usual	way	to	solve	it	is	iteratively:	you	guess	an	approximate	form	of	the	orbitals	and
plug	it	into	the	Hartree-Fock	potential.	With	this	guessed	potential,	the	orbitals	may	then	be	found	from	solving	linear	eigenvalue	problems.	If	all	goes	well,	the	obtained	orbitals,	though	not	perfect,	will	at	least	be	better	than	the	ones	that	you	guessed	at	random.	So	plug	those	im proved	orbitals	into	the	Hartree-Fock	potential	and	solve	the	eigenvalue
problems	again.	Still	better	orbitals	should	result.	Keep	going	until	you	get	the	correct	solution	to	within	acceptable	accuracy.	You	will	know	when	you	have	got	the	correct	solution	since	the	Hartree-Fock	potential	will	no	longer	change;	the	potential	that	you	used	to	com pute	the	final	set	of	orbitals	is	really	the	potential	that	those	final	orbitals	pro-
duce.	In	other	words,	the	final	Hartree-Fock	potential	that	you	com pute	is	consistent	with	the	final	orbitals.	Since	the	potential	would	be	a	field	if	it	was	not	an	operator,	that	explains	why	such	an	iterative	method	to	com pute	the	Hartree-Fock	solution	is	called	a	“self-consistent	field	method.”	It	is	like	calling	an	iterative	scheme	for	the	Laplace	equa-
tion	on	a	mesh	a	“self-consistent	neighbors	method,”	instead	of	point	relaxation.	Surely	the	equivalent	for	Hartree-Fock,	like	“iterated	potential”	or	potential	relaxation	would	have	been	much	clearer	to	a	general	audience?	9.3.5	Additional	points	This	brief	section	was	not	by	any	means	a	tutorial	of	the	Hartree-Fock	method.	The	purpose	was	only	to
explain	the	basic	ideas	in	terms	of	the	notations	and	coverage	of	this	book.	If	you	actually	want	to	apply	the	method,	you	will	need	to	take	up	a	book	written	by	experts	who	know	what	they	are	talking	about.	The	book	by	Szabo	and	Ostlund	[46]	was	the	main	ref erence	for	this	section,	and	is	recom mended	as	a	well	written	introduction.	Below	are	some
additional	concepts	you	may	want	to	be	aware	of.	9.3.5.1	Meaning	of	the	orbital	energies	In	the	single	electron	case,	the	orbital	energy	in	the	canonical	Hartree-Fock	equation	represents	the	actual	energy	of	the	electron.	It	also	represents	the	ionization	energy,	the	energy	required	to	take	the	electron	away	from	the	nuclei	and	leave	it	far	away	at	rest.
This	subsubsection	will	show	that	in	the	multiple	electron	case,	the	“orbital	energies”	are	not	orbital	energies	in	the	sense	of	giving	the	contributions	of	the	orbitals	to	the	total	expectation	energy.	However,	they	can	still	be	taken	to	be	approximate	ionization	energies.	This	result	is	known	as	“Koopman’s	theorem.”	To	verify	the	theorem,	a	suitable
equation	for	is	needed.	It	can	be	found	by	taking	an	inner	product	of	the	canonical	equation	above	with	,	i.e.	by	putting	to	the	left	of	both	sides	and	integrating	over	.	That	produces	(9.29)	which	consists	of	the	single-electron	energy	,	Coulomb	integrals	and	exchange	integrals	as	defined	in	subsection	9.3.3.	It	can	already	be	seen	that	if	all	the	are
summed	together,	it	does	not	produce	the	total	expectation	energy	(9.26),	because	that	one	includes	a	factor	in	front	of	the	Coulomb	and	exchange	integrals.	So,	cannot	be	seen	as	the	part	of	the	system	energy	associated	with	orbital	in	any	meaningful	sense.	However,	can	still	be	viewed	as	an	approximate	ionization	energy.	Assume	that	the	electron
is	removed	from	orbital	,	leaving	the	electron	at	infinite	distance	at	rest.	No,	scratch	that;	all	electrons	share	orbital	,	not	just	one.	Assume	that	one	electron	is	removed	from	the	system	and	that	the	remaining	electrons	stay	out	of	the	orbital	.	Then,	if	it	is	assumed	that	the	other	orbitals	do	not	change,	the	new	system’s	Slater	determinant	is	the	same
as	the	original	system’s,	except	that	column	and	a	row	have	been	removed.	The	expectation	energy	of	the	new	state	then	equals	the	original	expectation	energy,	except	that	and	the	-th	column	plus	the	-th	row	of	the	Coulomb	and	exchange	integral	matrices	have	been	removed.	The	energy	removed	is	then	exactly	above.	(While	only	involves	the	-th	row
of	the	matrices,	not	the	-th	column,	it	does	not	have	the	factor	in	front	of	them	like	the	expectation	energy	does.	And	rows	equal	columns	in	the	matrices,	so	half	the	row	in	counts	as	the	half	column	in	the	expectation	energy	and	the	other	half	as	the	half	row.	This	counts	the	element	twice,	but	that	is	zero	anyway	since	.)	So	by	the	removal	of	the	elec-
tron	from	(read:	and)	orbital	,	an	amount	of	energy	has	been	removed	from	the	expectation	energy.	Better	put,	a	positive	amount	of	energy	has	been	added	to	the	expectation	energy.	So	the	ionization	energy	is	if	the	electron	is	removed	from	orbital	according	to	this	story.	Of	course,	the	assumption	that	the	other	orbitals	do	not	change	af ter	the	re-
moval	of	one	electron	and	orbital	is	dubious.	If	you	were	a	lithium	electron	in	the	expansive	2s	state,	and	someone	removed	one	of	the	two	inner	1s	electrons,	would	you	not	want	to	snuggle	up	a	lot	more	closely	to	the	now	much	less	shielded	three-proton	nucleus?	On	the	other	hand,	in	the	more	likely	case	that	someone	removed	the	2s	electron,	it
would	probably	not	seem	like	that	much	of	an	event	to	the	remaining	two	1s	electrons	near	the	nucleus,	and	the	assumption	that	the	orbitals	do	not	change	would	appear	more	reasonable.	And	normally,	when	you	say	ionization	energy,	you	are	talking	about	removing	the	electron	from	the	highest	energy	state.	But	still,	you	should	really	recom pute	the
remaining	two	orbitals	from	the	canonical	Hartree-Fock	equations	for	a	two-electron	system	to	get	the	best,	lowest,	energy	for	the	new	electron	ground	state.	The	energy	you	get	by	not	doing	so	and	just	sticking	with	the	original	orbitals	will	be	too	high.	Which	means	that	all	else	being	the	same,	the	ionization	energy	will	be	too	high	too.	However,
there	is	another	error	of	im portance	here,	the	error	in	the	Hartree-Fock	approximation	itself.	If	the	original	and	final	system	would	have	the	same	Hartree-Fock	error,	then	it	would	not	make	a	dif ference	and	would	overestimate	the	ionization	energy	as	described	above.	But	Szabo	and	Ostlund	[46,	p.	128]	note	that	Hartree-Fock	tends	to	overestimate
the	energy	for	the	original	larger	system	more	than	for	the	final	smaller	one.	The	dif ference	in	Hartree-Fock	error	tends	to	com pensate	for	the	error	you	make	by	not	recom puting	the	final	orbitals,	and	in	general	the	orbital	energies	provide	reasonable	first	approximations	to	the	experimental	ionization	energies.	The	opposite	of	ionization	energy	is
“electron	affinity,”	the	energy	with	which	the	atom	or	molecule	will	bind	an	additional	free	electron	[in	its	valence	shell],	{N.19}.	It	is	not	to	be	confused	with	electronegativity,	which	has	to	do	with	willingness	to	take	on	electrons	in	chem ical	bonds,	rather	than	free	electrons.	To	com pute	the	electron	affinity	of	an	atom	or	molecule	with	electrons	us-
ing	the	Hartree-Fock	method,	you	can	either	recom pute	the	orbitals	with	the	additional	electron	from	scratch,	or	much	easier,	just	use	the	Fock	operator	of	the	electrons	to	com pute	one	more	orbital	.	In	the	later	case	however,	the	energy	of	the	final	system	will	again	be	higher	than	Hartree-Fock,	and	it	being	the	larger	system,	the	Hartree-Fock	en-
ergy	will	be	too	high	com pared	to	the	-electron	system	already.	So	now	the	errors	add	up,	instead	of	subtract	as	in	the	ionization	case.	If	the	final	energy	is	too	high,	then	the	com puted	binding	energy	will	be	too	low,	so	you	would	expect	to	underestimate	the	electron	affinity	relatively	badly.	That	is	especially	so	since	affinities	tend	to	be	relatively
small	com pared	to	ionization	energies.	Indeed	Szabo	and	Ostlund	[46,	p.	128]	note	that	while	many	neutral	molecules	will	take	up	and	bind	a	free	electron,	producing	a	stable	negative	ion,	the	orbital	energies	almost	always	predict	negative	binding	energy,	hence	no	stable	ion.	9.3.5.2	Asymptotic	behavior	The	exchange	terms	in	the	Hartree-Fock	po-
tential	are	not	really	a	potential,	but	an	operator.	It	turns	out	that	this	makes	a	major	dif ference	in	how	the	probability	of	finding	an	electron	decays	with	distance	from	the	system.	Consider	again	the	Fock	eigenvalue	problem,	but	with	the	single-electron	Hamiltonian	identified	in	terms	of	kinetic	energy	and	nuclear	attraction,	Now	consider	the	ques-
tion	which	of	these	terms	dom inate	at	large	distance	from	the	system	and	therefore	determine	the	large-distance	behavior	of	the	solution.	The	first	term	that	can	be	thrown	out	is	,	the	Coulomb	potential	due	to	the	nuclei;	this	potential	decays	to	zero	approximately	inversely	proportional	to	the	distance	from	the	system.	(At	large	distance	from	the	sys-
tem,	the	distances	between	the	nuclei	can	be	ignored,	and	the	potential	is	then	approximately	the	one	of	a	single	point	charge	with	the	com bined	nuclear	strengths.)	Since	in	the	right	hand	side	does	not	decay	to	zero,	the	nuclear	term	cannot	survive	com pared	to	it.	Sim ilarly	the	third	term,	the	Coulomb	part	of	the	Hartree-Fock	potential,	cannot	sur-
vive	since	it	too	is	a	Coulomb	potential,	just	with	a	charge	distribution	given	by	the	orbitals	in	the	inner	product.	However,	the	final	term	in	the	left	hand	side,	the	exchange	part	of	the	Hartree-Fock	potential,	is	more	tricky,	because	the	various	parts	of	this	sum	have	other	orbitals	outside	of	the	inner	product.	This	term	can	still	be	ignored	for	the	slow-
est-decaying	spin-up	and	spin-down	states,	because	for	them	none	of	the	other	orbitals	is	any	larger,	and	the	multiplying	inner	product	still	decays	like	a	Coulomb	potential	(faster,	actually).	Under	these	conditions	the	kinetic	energy	will	have	to	match	the	right	hand	side,	im plying	From	this	expression,	it	can	also	be	seen	that	the	values	must	be	nega-
tive,	or	else	the	slowest	decaying	orbitals	would	not	have	the	exponential	decay	with	distance	of	a	bound	state.	The	other	orbitals,	however,	cannot	be	less	than	the	slowest	decaying	one	of	the	same	spin	by	more	than	algebraic	factors:	the	slowest	decaying	orbital	with	the	same	spin	appears	in	the	exchange	term	sum	and	will	have	to	be	matched.	So,
with	the	exchange	terms	included,	all	orbitals	normally	decay	slowly,	raising	the	chances	of	finding	electrons	at	signif icant	distances.	The	decay	can	be	written	as	(9.30)	where	is	the	value	of	smallest	magnitude	(absolute	value)	among	all	the	orbitals	with	the	same	spin.	However,	in	the	case	that	is	spherically	sym metric,	(i.e.	an	s	state),	exclude	other
s-states	as	possibilities	for	.	The	reason	is	a	peculiarity	of	the	Coulomb	potential	that	makes	the	inner	product	appearing	in	the	exchange	term	exponentially	small	at	large	distance	for	two	orthogonal,	spherically	sym metric	states.	(For	the	incurably	curious,	it	is	a	result	of	Maxwell’s	first	equation	applied	to	a	spherically	sym metric	configuration	like
figure	13.1,	but	with	multiple	spherically	distributed	charges	rather	than	one,	and	the	net	charge	being	zero.)	9.3.5.3	Hartree-Fock	limit	The	Hartree-Fock	approximation	greatly	sim plifies	finding	a	many-dimensional	wave	function.	But	really,	solving	the	“eigenvalue	problems”	(9.28)	for	the	orbitals	iteratively	is	not	that	easy	either.	Typically,	what
one	does	is	to	write	the	orbitals	as	sums	of	chosen	single-electron	functions	.	You	can	then	precom pute	various	integrals	in	terms	of	those	functions.	Of	course,	the	num ber	of	chosen	single-electron	functions	will	have	to	be	a	lot	more	than	the	num ber	of	orbitals	;	if	you	are	only	using	chosen	functions,	it	really	means	that	you	are	choosing	the	orbitals
rather	than	com puting	them.	But	you	do	not	want	to	choose	too	many	functions	either,	because	the	required	numerical	ef fort	will	go	up.	So	there	will	be	an	error	involved;	you	will	not	get	as	close	to	the	true	best	orbitals	as	you	can.	One	thing	this	means	is	that	the	actual	error	in	the	ground	state	energy	will	be	even	larger	than	true	Hartree-Fock
would	give.	For	that	reason,	the	Hartree-Fock	value	of	the	ground	state	energy	is	called	the	Hartree-Fock	limit:	it	is	how	close	you	could	come	to	the	correct	energy	if	you	were	able	to	solve	the	Hartree-Fock	equations	exactly.	In	short,	to	com pute	the	Hartree-Fock	solution	accurately,	you	want	to	select	a	large	num ber	of	single-electron	functions	to
represent	the	orbitals.	But	don't	start	using	zillions	of	them.	The	problem	is	that	even	the	exact	Hartree-Fock	solution	still	has	a	finite	error;	a	wave	function	cannot	in	general	be	described	accurately	using	only	a	single	Slater	determinant.	So	what	would	the	point	in	com puting	the	very	inaccurate	num bers	to	ten	digits	accuracy?	9.3.5.4	Correlation
energy	As	the	previous	subsubsection	noted,	the	Hartree-Fock	solution,	even	if	com puted	exactly,	will	still	have	a	finite	error.	You	might	think	that	this	error	would	be	called	something	like	“Hartree-Fock	error.”	Or	maybe	“representation	error“	or	single-determinant	error,	since	it	is	due	to	an	incom plete	representation	of	the	true	wave	function	using
a	single	Slater	determinant.	However,	the	Hartree-Fock	error	in	energy	is	called	“correlation	energy.”	The	reason	is	because	there	is	a	energizing	correlation	between	the	more	im penetrable	and	poorly	defined	your	jargon,	and	the	more	respect	you	will	get	for	doing	all	that	incom prehensible	stuff.	And	of	course	the	word	error	should	never	be	used	in
the	first	place,	God	forbid.	Or	those	hated	non-experts	might	figure	out	that	Hartree-Fock	has	an	error	in	energy	so	big	that	it	makes	the	base	approximation	pretty	much	useless	for	chem istry.	To	understand	what	physicists	are	referring	to	with	correlation,	reconsider	the	form	of	the	Hartree-Fock	wave	function,	as	described	in	subsection	9.3.1.	It
consisted	of	a	single	Slater	determinant.	However,	that	Slater	determinant	in	turn	consisted	of	a	lot	of	Hartree	products,	the	first	of	which	was	The	other	Hartree	products	were	dif ferent	only	in	the	order	in	which	the	electrons	appear	in	the	product.	And	since	the	electrons	are	all	the	same,	the	order	does	not	make	a	dif ference:	each	of	these	Hartree
products	has	the	same	expectation	energy.	Each	also	satisfies	the	Pauli	exclusion	principle	but,	by	itself,	not	the	antisym metrization	requirement.	Now,	consider	what	the	Born	statistical	interpretation	says	about	the	single	Hartree	product	above.	It	says	that	the	probability	of	electron	1	to	be	within	a	vicinity	of	volume	around	a	given	position	with
given	spin	,	and	electron	2	to	be	within	a	vicinity	of	volume	around	a	given	position	with	given	spin	,	etcetera,	is	given	by	This	takes	the	form	of	a	probability	for	electron	1	to	be	in	the	given	state	that	is	independent	of	where	the	other	electrons	are,	times	a	probability	for	electron	2	to	be	in	the	given	state	that	is	independent	of	where	the	other	elec-
trons	are,	etcetera.	In	short,	in	a	single	Hartree	product	the	electrons	do	not	care	where	the	other	electrons	are.	Their	positions	are	uncorrelated.	Uncorrelated	positions	would	be	OK	if	the	electrons	did	not	repel	each	other.	In	that	case,	each	electron	would	indeed	not	care	where	the	other	electrons	are.	Then	all	Hartree	products	would	have	the
same	energy,	which	would	also	be	the	energy	of	the	com plete	Slater	determinant.	But	electrons	do	repel	each	other.	So,	if	electron	1	is	at	a	given	position	,	electron	2	can	reduce	its	potential	energy	by	preferring	positions	farther	away	from	that	position.	It	cannot	overdo	it,	as	that	will	increase	its	kinetic	energy	too	much,	but	there	is	some	room	for
im provement.	So	the	exact	wave	function	will	have	correlations	between	the	positions	of	dif ferent	electrons.	Based	on	arguments	like	that,	physicists	then	come	up	with	the	term	correlation	energy.	Not	so	fast,	physicists!	For	one,	a	Slater	determinant	is	not	a	single	Hartree	product	but	already	includes	some	electron	correlations.	Also,	correlation	en-
ergy	is	not	the	same	as	“error	in	energy	caused	by	incorrect	correlations.”	And	“error	in	energy	caused	by	incorrect	correlations”	is	not	the	same	as	“error	in	energy	for	an	incorrect	solution,	including	incorrect	correlations.”	And	the	last	is	what	the	Hartree-Fock	error	really	is.	Note	that	while	there	is	some	rough	qualitative	relation	between	potential
energy	and	electron	position	correlations,	you	cannot	find	the	potential	energy	by	pontif icating	about	electrons	trying	to	stay	away	from	each	other.	And	the	correct	energy	state	is	found	by	delicately	balancing	subtle	reductions	in	potential	energy	against	subtle	increases	in	kinetic	energy.	The	kinetic	energy	does	not	even	care	about	electron	correla-
tions.	However,	the	kinetic	energy	is	wrong	too	when	applied	on	a	single	Slater	determinant.	See	note	{N.18}	for	more.	9.3.5.5	Configuration	interaction	Since	the	base	Hartree-Fock	approximation	has	an	error	that	is	far	too	big	for	typical	chem istry	applications,	the	next	question	is	what	can	be	done	about	it.	The	basic	answer	is	sim ple:	use	more
that	orbitals,	i.e.	single-particle	wave	functions.	As	already	noted	in	section	5.7,	if	you	include	enough	orthonormal	basis	functions,	using	all	their	possible	Slater	determinants,	you	can	approximate	any	function	to	arbitrary	accuracy.	Af ter	the	,	(or	2	in	the	restricted	closed-shell	case,)	spatial	orbitals	have	been	found,	the	Hartree-Fock	operator	be-
comes	just	a	Hermitian	operator,	and	can	be	used	to	com pute	further	orthonormal	orbitals	.	You	can	add	these	to	the	mix,	say	to	get	a	better	approximation	to	the	true	ground	state	wave	function	of	the	system.	You	might	want	to	try	to	start	small.	If	you	include	just	one	more	orbital	,	you	can	already	form	more	Slater	determinants:	you	can	replace
any	of	the	orbitals	in	the	original	determinant	by	the	new	function	.	So	you	can	now	approximate	the	true	wave	function	by	the	more	general	expression	where	the	coef ficients	are	to	be	chosen	to	approximate	the	ground	state	energy	more	closely	and	is	a	normalization	constant.	The	additional	Slater	determinants	are	called	“excited	determinants”.	For
exam ple,	the	first	excited	state	is	like	a	state	where	you	excited	an	electron	out	of	the	lowest	state	into	an	elevated	energy	state	.	(However,	note	that	if	you	really	wanted	to	satisfy	the	variational	requirement	0	for	such	a	state,	you	would	have	to	recom pute	the	orbitals	from	scratch,	using	in	the	Fock	operator	instead	of	.	That	is	not	what	you	want	to
do	here;	you	do	not	want	to	create	totally	new	orbitals,	just	more	of	them.)	It	may	seem	that	this	must	be	a	winner:	as	much	as	more	determinants	to	further	minimize	the	energy.	Unfortunately,	now	you	pay	the	price	for	doing	such	a	great	job	with	the	single	determinant.	Since,	hopefully,	the	Slater	determinant	is	the	best	single	determinant	that	can
be	formed,	any	changes	that	are	equivalent	to	sim ply	changing	the	determinant's	orbitals	will	do	no	good.	And	it	turns	out	that	the	-determinant	wave	function	above	is	equivalent	to	the	single-determinant	wave	function	as	you	can	check	with	some	knowledge	of	the	properties	of	determinants.	Since	you	already	have	the	best	single	determinant,	all
your	ef forts	are	going	to	be	wasted	if	you	try	this.	You	might	try	form ing	another	set	of	excited	determinants	by	replacing	one	of	the	orbitals	in	the	original	Hartree-Fock	determinant	by	instead	of	,	but	the	fact	is	that	the	infinitesimal	variational	condition	0	is	still	going	to	be	satisfied	when	the	wave	function	is	the	original	Hartree-Fock	one.	For	small
changes	in	wave	function,	the	additional	determinants	can	still	be	pushed	inside	the	Hartree-Fock	one.	To	ensure	a	decrease	in	energy,	you	want	to	include	determinants	that	allow	a	nonzero	decrease	in	energy	even	for	small	changes	from	the	original	determinant,	and	that	requires	doubly	excited	determinants,	in	which	two	dif ferent	original	states
are	replaced	by	excited	ones	like	and	.	Note	that	you	can	form	such	determinants;	the	num ber	of	determinants	rapidly	explodes	when	you	include	more	and	more	orbitals.	And	a	mathematically	convergent	process	would	require	an	asymptotically	large	set	of	orbitals,	com pare	chapter	5.7.	How	big	is	your	com puter?	Most	people	would	probably	call
im proving	the	wave	function	representation	using	multiple	Slater	determinants	something	like	multiple-determinant	representation,	or	excited-determinant	correction..	However,	it	is	called	configuration	interaction.	The	reason	is	that	every	hated	non-expert	will	wonder	whether	the	physicist	is	talking	about	the	configuration	of	the	nuclei	or	the	elec-
trons,	and	what	it	is	interacting	with.	(Actually,	configuration	refers	to	the	practitioner	configuring	all	those	determinants,	no	kidding.	The	interaction	is	with	the	com puter	used	to	do	so.	Suppose	you	were	creating	the	numerical	mesh	for	some	finite	dif ference	or	finite	element	com putation.	If	you	called	that	configuration	interaction	instead	of	“mesh
generation,”	because	it	required	you	to	configure	all	those	mesh	points	through	interacting	with	your	com puter,	some	people	might	doubt	your	sanity.	But	in	physics,	the	standards	are	not	so	high.)
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